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In  this  paper,  we  present  a  notion  of  viscosity  solutions  of  Hand  It on- 
Jacobi  aquations  for  Neumann  type  boundary  conditions  (or  more  generally 
oblique  derivative).  In  particular  we  prove  the  existence,  uniqueness, 
stability  of  such  solutions  and  we  show  that  the  vanishing  viscosity  method 
yields  such  solutions.  Next,  we  check  that  value  functions  of  control 
problems  or  differential  games  problems  for  reflected  dynamical  processes  are 
solutions  in  that  sense  of  the  associated  Bellman  or  Isaacs  equations. 
Finally,  we  consider  the  ergo die  problems. 
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NSOMANN  TYPI  BOUNDARY  CONDITIONS 
FOR  HAMILTON -JACOBI  EQUATIONS 

P.  L.  Lions1 

Introduction > 

In  thin  paper,  we  eonnldnr  thn  classical  first  order  Hand 1 ton- Jacobi  equations 

(1)  H(x,u(x),Du(x))  ■  0  in  Q 

share  u  Is  a  scalar  function  on  Q  bounded  wooth  open  sat  of  where  n  denotes 

the  gradient  of  u  and  I  -  the  Hamiltonian  -  is  a  given  continuous  function  on 
0  x  ft  x 

We  went  to  study  how  is  is  possible  to  define  for  solutions  of  (1)  Mewann  type 
boundary  conditions  that  is 

(2)  |S.  ■  0  on  »0 

where  n  in  the  unit  outward  normal  to  However,  as  it  is  remarked  in  ».  L.  Lions 

[25],  A.  8a yah  [35],  such  a  boundary  condition  is  not  always  possible  and  has  to  be  relaxed 
somehow. 

Recently,  M.  G.  Crandall  and  the  author  19} ,  [9}  introduced  a  general  notion  of 
solutions  of  (1)  (requiring  only  u  «  c(fi)>  and  proved  various  properties  of  these 
solutions  •  called  viscosity  solutions  -  Including  stability  and  uniqueness  (provided 
boundary  conditions  of  Dlrlchlet  type  are  Imposed) .  This  led  to  a  complete  treatment  of 
(1)  with,  possibly,  Dlrlchlet  boundary  conditions  and  we  refer  to  N.  0.  Crandall,  L.  C. 
■vans  and  P.  L.  Lions  [7] i  P.  L.  Lions  126] »  P.  B.  Souganldis  [37] i  Q.  paries  (31 i  H.  Ishil 
[22],  (23] *  N.  6.  Crandall  and  P.  L.  Lions  [10],  [11],  [12],  [13]<#>... 

Our  goal  here  is  to  adapt  the  notion  of  viscosity  solutions  of  (1)  in  order  to  take 
into  account  boundary  conditions  of  the  fore  (2).  Roughly  speaking,  we  will  present  some 
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The  reader  should  be  swers  that  this  list  is  by  no  naans  complete  I 
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weak  formulation  (In  "viscosity  stylo")  of  an  aquation  combining  (1)  and  (2)  on  30  and 
this  will  ba  intarpratsd  as  ths  relaxed  form  of  (2).  The  precise  definition  is  given  in 
section  I  where  we  also  motivate  and  explain  this  definition  in  the  light  of  the  so-called 
vanishing  viscosity  method  which  here  consists  of  finding  u£  solution  of  the  equation  (3) 
below  and  letting  e  go  to  0+ 

>ue 

(3)  -eAu,  *  H  (x,u„,  IXi, )  "0  in  0,  ■* —  -  0  on  3Q 

c  c  c  c  on 

where  He  ♦  H  as  £  ♦  0+  (one  can  take  H£  ”  H  as  well). 

In  section  II,  we  give  soaw  properties  of  these  viscosity  solutions  of  (1)  -  (2) 
including  stability,  and  adaptations  to  Cauchy  problems  like 


+  H(x,t,u,Du)  -  0  in  Qx]0,T[ 


■j”  “  0  on  3Qx]0,T[,  u(x,0 )  •  uQ(x)  in  0 


Sections  III  and  IV  are  devoted  to  uniqueness,  caparison  and  existence  results  idiich 
will  be  of  a  comparable  level  of  generality  to  the  case  of  viscosity  solutions  of  ( 1 )  with 
Q  “  rf*  (no  boundary  conditions). 

In  section  V,  we  adapt  the  preceding  results  to  more  general  boundary  conditions 
(5)  -j~  “  0  on  38 

where  y  is  a  smooth  vector  field  on  30  pointing  outward  i.e. 

(«)  Sh>  >  0,  vx  «  30,  (n(x),Y(x))  >  v  . 

As  it  was  remarked  in  P.  L.  Lions  [25]  for  exit  problems  in  optimal  deterministic 
control  theory,  the  dynamic  programming  arguments  easily  yield  the  fact  that  value 
functions  are  viscosity  solutions  of  the  related  Bellman  (or  Ramil ton- Jacobi -Bellman) 
equations  -  see  also  P.  L.  Lions  [27],  [28].  This  remark  was  also  applied  to  differential 
games  by  P.  B.  Souganidis  [38] i  L.  C.  Evans  and  P.  B.  Souganidis  [18] »  N.  E.  Barron,  L.  C. 
Evans  and  R.  Jensen  [4].  We  want  to  show  in  section  VI  that  the  value  function  of  control 
problems  (or  differential  games  problems)  for  solutions  of  ordinary  differential  equations 
with  reflection  at  the  boundary  are  indeed  the  viscosity  solutions  of  (1)  -  (2)  (for  the 


Hamiltonian  H  occurring  in  Bellman  or  Isaacs  equations) 


v  v  v  v  v.*  vra.  w,v.  -  uh>.y.v 


K  . 


Finally,  Motion  VIZ  is  devoted  to  tha  study  of  the  so-callod  ergodic  problsMt  hors, 
ws  study  ths  limit  os  e  900s  to  0  of,  soy,  (cue,uc  -  u£ ( *0 ) )  where  xq  is  any  point 
in  0  and  u(  is  ths  viscosity  solution  of 

3ttc 

(7)  H(x,Due>  ♦  eu£  •  0  in  fl,  -yjj-  -  0  on  80  . 

We  would  llks  to  eoneluds  this  introduction  by  explaining  our  motivation  for  studying 
(1)  -  (2) 1  ihe  first  ons  concerns  optimal  control  theory  where  state  constraints  are 
imposed  on  the  system.  Then  reflection  at  the  boundary  of  the  domain  defining  the 
constraints  is  one  possible  way  to  "realiM  the  constraints"  and  in  many  applications  this 
is  actually  done  (specially  in  optimal  stochastic  control  problems  which  correspond  to  (3) 
and  c  .  going  to  0  corresponds  to  tha  intensity  of  the  noiM  going  to  0).  But  also  from 
the  FDB  view  point  it  is  quite  natural  to  try  to  analyse  what  happens  when  c  goes  to  0 
in  (3).  And  this  is  very  much  related  to  the  question  of  large  deviations  of  reflecting 
diffusion  processes  (see  Anderson  and  Cray  [1]  for  seme  results  on  this  problem  and  L.  C. 
(vans  and  H.  Ishil  (171,  W.  H.  Fleming  and  P.  S.  Souganidis  [19)  for  relations  between  the 
vanishing  viscosity  method,  large  deviations  and  viscosity  solutions). 

We  want  also  to  emphasise  that  solutions  of  problems  like  (1)  -  (2)  lead  to  solutions 

of  hyperbolic  systems  of  conservation  laws  and  that  boundary  conditions  like  (2),  (S) 

correspond  then  to  some  Dlrichlet  type  condition.  Indeed  if  u  solves  (formally) 

♦  R(x,t,Du)  -  0  in  Qx]0,T[,  ■  0  on  30x]0,Tt 

-  where  y  may  even  depend  on  t  if  we  wish  -,  then  p  ■  Du  solves 

r 

>Pt  8 

<H(x,t,p)}  -  0  in  Ox] 0,T[ 

(p,Y)  ■  0  on  3Qx]0,T[  1 

and  since  such  boundary  conditions  for  hyperbolic  systems  are  natural,  this  motivates  the 
study  of  Neumann  boundary  conditions  for  Hamllton-Jacobi  equations,  let  us  mention  at  this 
stage  that  the  earn  of  one-dimensional  scalar  conservation  laws  is  studied  in  C.  Bardos, 
le  Roux  and  Nedelec  [2] . 


I «t  us  also  mention  that  aoaa  particular  caaaa  of  (1)  *  (2)  ara  studied  in  Burch  and 
Goldstein  [6],  P.  L.  Lions  [25],  A.  Sayah  [35]. 

Finally,  we  would  like  to  point  out  that  ws  raatrictad  our  attention  to  the  caaa  of 
bounded  domains  0  but  we  could  aa  well  treat  unbounded  daataina  (aa  for  example  half- 
apacea)  with  ainilar  ideaa,  combining  (if  nacaaaery)  the  technique a  below  with  those 
concerning  unbounded  viscosity  solutions  in  rf*  (see  M.  G.  Crandall  and  P.  L.  Lions  [10] 
[11],  [12] »  H.  Ishii  [22],  [23]). 


I.  Definition  and  justification 

Let  0  be  a  bounded  sawoth  open  set  in  /  and  let  H(x,t,p)  8  C(8  *  »  *  R* ) .  We 
denote  by  n  the  vector  field  of  unit  outward  normal  vectors  to  )fi  and  we  are  going  to 
define  "viscosity  solution  of  (1)  -  (2)". 

Definitional  Let  u  8  C(0) .  We  say  that 

i)u  is  a  vicosity  subsolution  of  (1)  -  (2)  if  for  all  ♦  8  C*(B)  the  following 
property  holds i  let  xg  be  a  local  maximal  of  u  -  ♦  in  0  then  we  have 


H(x0,u(x0),D4(x0>)  <  0  if  x#  «  a 


(8) 


H(x0,u(x0),D4(x0))  <0  if  x#  «  >0  and  ||  (x0)  >  0  . 


» 1  thi 


il)  u  is  a  viscosity  super solution  of  (1)  -  (2)  if  for  all  (  I  C  (0)  the  following 
property  holds  i  let  xg  be  a  local  mlnlanm  point  of  u  -  ♦  in  8  then  we  have 
8(x0,u(x0),D4(x0))  >  0  if  xQ  8  a 

H(x0,u(x0),D^(x0l)  >  0  if  xQ  8  »Q  and  ||  (xQ>  <  0  . 


(9) 


ill)  u  is  a  viscosity  solution  of  (1)  -  (2)  if  u  is  both  a  viscosity  sub  and  super- 
solution  of  (1)  -  (2). 


Remarks :  1)  Of  course,  (8)  -  (9),  whenever  Xg  8  8,  are  nothing  but  the  usual  viscosity 

formulation  of  (1). 

ii)  It  is  a  straightforward  exercise  to  check  that  one  obtains  equivalent  formulations  if 


yv 


u^xxKKxxaauEmJC*  xuc*  jCm 


we  replace  $  e  C1  by  fee2  or  ♦  8  C*  and  local  maximum  (raap-  minimum)  by  local 
strict,  global  strict,  or  global  maximum  (rasp,  minimum) . 

Ill)  as  ws  will  sss  bslow,  an  equivalent  formulation  of  (8)  -  (9)  which  allows  (xq)  <  0 
(or  >  0)  is  possible  (in  addition  it  is  intrinsic  in  the  aenae  that  no  test  functions  are 
necessary) . 

Theorem  It  Let  u  8  C2(5)  be  a  solution  of  (3),  assise  that  H  convergea  uniformly 

1  "  ■  —  c  * 

to  H  on  0  X  [-R.+R]  *  B  (W  <  •)  end  that  for  acme  sequence  en  going  to  0  u£ 


converges  uniformly  on  Q  to 


u.  Wien,  u  is  a  viscosity  solution  of  (1)  -  (2). 


Proof t  We  already  know  froai  the  usual  properties  of  viscosity  solutions  of  (1)  (see  [9]) 

that  u  is  a  viscosity  solution  inside  Q«  Therefore,  we  only  have  to  prove  (8),  (9)  in 

the  case  whan  x0  e  30.  We  are  going  to  prove  (8)  with  x0  e  30,  the  proof  of  (9)  being 

similar.  Thus,  let  xg  be  a  local  strict  maximum  point  of  u  -  4  where  xQ  8  30, 

+  8  C2#),  ( xQ )  >  0.  We  then  choose  9  e  C2(0)  satisfying 

U  ■  1  on  30,  9  “  0  on  30,  ♦  >  0  in  0  . 

Obviously,  for  any  6  >  0,  u  -  +  -  it  •till  has  a  local  strict  maximum  point  at  Xg. 

Bence,  for  n  large  enough,  ue  -  ♦  -  has  a  local  maximum  point  x„  in  Q  and 

n 

x  ♦  x„.  We  claim  that  x_  8  0.  Indeed,  if  it  were  not  the  case,  we  would  have 
n  n  o  11 

,tte 

0  "  TT  (xn»  *  H  (xn)  +  6 

and  the  last  quantity  is  strictly  positive  for  n  large.  Next,  since  x„  8  0,  we  deduce 

"e  <Vue  <xn>'D*,xn>  +  8D*(xn»  «  ««<*♦<«.>  +  6A*<xn>‘ 
n  n 

where  we  used  the  relations  D*(xn>  +  «D*(xn)  -  Duf  (xn>,  Aue  (xb)  <  A#(xn)  +  «A*(xn)  . 

n  n 

batting  n  goto  *,  and  then  letting  S  go  to  0+,  we  conclude. 

■ 

We  now  present  some  equivalent  formulations  of  (8)  -  (9).  To  this  end,  we  consider 
(following  [7])  the  subdifferential  and  the  superdifferential  of  v  8  C(Q)  at  x  e  Q 
given  respectively  by 


f  . 


k» 

- ,  _  -  *  , 


•-  X  - 

*vV‘, 


m 


5^5 


.•-'.■.'a’A'.-.'.v'I 


d“v(x)  “  ((  t  li*  ln^  {v(y)-v(x)  -  (£,y-x>)  |y-x| _1  >  0} 
y+x  yeO 


D+v(x)  ■  {{  (  iP,  lie  su£  {v(y)-v(x)  -  (£,y-x)} ly-xl”1  <  0}  . 

y*x  y€Q 

Observe  that  (as  in  [7]),  if  v  -  4  has  a  local  maximum  at  xQ  e  Q  where  +  is 
differentiable  then  D8(xQ)  e  D+v(x0>  and  that  if  (  I  D+v(x0),  there  exists  8  €  c'(0) 
such  that  v  -  ♦  has  a  global  strict  maximum  at  xg  and  D+(Xq)  «  £. 

We  have  the 

Theorem  2.  Let  u  e  C(0).  Then,  u  is  a  viscosity  subsolution  (resp.  supersolution)  of 
(1)  -  (2)  if  and  only  if 


{vx  e  o,  v?  e  d+u(x),  h(x,u( x) ,€ )  <  o 

Vx  e  30,  V£  e  D+u(x),  inf  H(x,u(x),£+8(£,n)~n)  <  0 
0<8<1 


( resp. 


C  vx  e  o,  ve  e  d"u(x),  h(x,u(x),£)  >  o 

(9,)  {  ♦ 

^  Vx  e  30,  Vt  e  D  u(x),  sup  H(x,u(x)  ,£-6(£,n)  n)  >  0  . 

o<e<i 

Equivalently,  u  is  a  viscosity  subsolution  (resp.  supersolution)  of  (1)  -  (2)  if  and  only 
if  we  have  for  all  8  *  C1(Q) 


I  at  any  local  maximum  point  xQ  of  u  -  ♦,  we  have 

H(x0,u(x0),D+(x0))  <0  if  xfl  e  0 
inf  R(x  ,u(x  ),D+(x  )  +  8(|±  (x  ))"n)  <0  if  x  8  30 


(8*) 


+  +  K* 


at  any  local  minima  point  xft  of  u  -  ♦»  wo  have 


H(x0,u(x0),D4(x0) )  >0  if  x0  fl  Q 

a  up  H(x0,u(x0>,Df(x0>  -  8(|£  (Xg)  )*n)  >0  if  xfl  «  30) 
0<9<1 


Remarks t 

i)  Aa  usual,  wo  may  roplaco  ♦  fl  C1  by  M  C!,  c"  and  local  by  global  strict,  local 
strict,  or  global. 

ii)  In  what  follows,  wo  will  obtain  usa  of  tha  function  d(x)  “  dist(x,3Q)  which  is 
sstooth  -  say  C*  -  near  30  and  which  aatiafloa  Vd  “  -n  on  30  -  soo  for  instance 
J.  Sorrin  06],  0.  Oilbarg  and  N.  8.  Trudingor  [20].  Whan  wo  deal  with  points  x  of  3Q 
tha  fact  that  d  ia  not  smooth  globally  on  0  will  navar  craata  any  difficulty  sinca  one 
can  always  smooths  d  in  tha  interior,  while  keeping  it  positive. 

lii)  Let  us  observe  that  If  Cl  D+u<Xg),  xg  •  30  then  C“Xn  «  D+u(x0)  for  all  X  >  0. 

■ 

The  proof  of  Theorem  2  relies  on  a  general  extension  lemma  of  viscosity  solutions  of 


Tsmmi  Ti  Let  u  e  C(Q)  be  a  viscosity  subsolution  (rasp,  supersolution)  of  (1).  Let 
Xg  6  30  and  let  C  •  D*u(xg)  (rasp.  D“u<Xg)).  We  then  set 


thus  0  «  XQ  <  *• 


X  -  sup{X  *  0  /  t+Xn(x  )  6  D+utxft)> 


XQ  ■  sup{X  >  0,  E-Xn(x0)  8  D_u(x0>} 


Then,  if  XQ  <  »,  we  have 


H(x0,  u{ xg ) ,  £  +  XQn(x0))  «  0 


H ( Xg ,  u(x0),  C  -  X q n ( Xg ) )  >  0) 


We  first  apply  la— ■  3  to  provs  Theorem  2,  and  than  prova  La— a  3.  It  is  clsar  that 
(8*)  (reap.  (9*))  la  equivalent  to  (S')  (rasp.  (9')).  Hanca,  wa  just  hava  to  prova  that 
(8)  isplies  (8*).  Thus,  lat  xg  e  3Q  and  lat  5  8  D+u( Xg ) .  if  (£,n)  >  0,  va  hava 
nothing  to  prove,  hanca  va  aas— a  (£,n)  <  0.  Two  casas  ara  than  posslblai  first,  if 

Xg  >  (5«n)  ,  wa  aaa  that  5  ♦  (t»n)  t  0  Du(xg)  and  va  concluda  applying  (8).  Notica  that 
in  this  caaa  (8*)  holds  with  9-1.  If  Xg  <  ((•■)*,  va  apply  La—  3  and  va  concluda 
slnca  in  this  casa 

C  ♦  Xgn(xQ)  -  5  ♦  8(5,n)”n 
vhara  9  0  [0,1[  is  glvan  by  9  -  Xg/(C,n)“  . 

Wa  now  prova  Law—  3t  as  Xfl  <  •  and  D*u(xg)  is  closed,  5+X0n(Xg)  e  D*u(xg).  Lat 
9  0  c’(Q)  be  such  that 

♦  (Xg)  -  tt(Xg),  D9(Xg)  -  £  ♦  X  g  U  (  Xg  )  ,  9(X)  >  U(  X  )  WX  ^  Xg  . 

Then,  for  6  >  0  —11  va  sat 

Qf  “  B(Xg,9)  n  Q,  U(6)  -  inf (9(x)-u(x)/| x-Xgl  «  6,  x  0  0)  . 

Choosing  a(a)  -  Min (4,  p($)/2$),  va  claia  that  u  -  9  +  a(4)d  has  a  local  ainiaiai 
inaida  0j.  Indeed  let  x{  baa  — xl—  point  of  u  -  9  ♦  o(9)d  over  Qg.  If  Xg  0  30, 
than  u(xg)-9(xg)  >  u(Xg)-9(Xg)  and  thus  Xg  -  xg.  But  this  would  yield  that 
D9(Xg)  ♦  a(9)n(Xg)  0  D+u(Xg)  contradicting  the  choice  of  Xg.  Therefore,  xg  f  30.  If 
|xg-Xg|  -  9,  this  would  ivply 

U(Xg)  -  9(Xg)  *  U(Xg)  -  9(Xg)  ♦  «(<)d(Xg)  «  -|l(9)  ♦  9o(6)  <  0 

again  a  contradiction.  And  —  hava  proved  that  Xg  0  Qg>  Since  u  is  a  viscosity 
subsolution  of  (1)  wa  deduce 

H(Xg,U(Xg),D9(Xg)  -  0«)Vd(Xg))  «  0 

and  va  conclude  letting  4  go  to  0+. 

■ 

II.  Properties  and  axtanalons. 


First  of  all,  we  would  like  to  —atlon  that  — ny  of  the  properties  of  viscosity 
solutions  proved  in  M.  G.  Crandall  and  P.  L.  Lions  [9] »  M.  G.  Crandall,  L.  C.  Evans  and 
P.  L.  Lions  [7];  P.  L.  Lions  [25]  hava  their  counterparts  in  our  setting.  Wa  will  only 


uIm  two  remark*:  the  firet  one  concerna  differentiability  points  of  a  viscosity  sub¬ 
solution  lying  on  30.  More  precisely  assume  u  e  c(Q)  is  a  viscosity  subsolution  of 
(1)  -  (2)  and  that  u  is  differentiable  at  xg  e  30.  He  then  observe  that 

D+u(xg)  »  { Du ( Xq )  -  Xn(xQ)  /  X  >  0} 

Therefore  if  we  denote  by  DtpU(xg)  -  Du(xg)  -  ~  (Xg)n(xg),  we  deduce  from  condition  (8) 
3u 

I  “ 

(12) 


^  <x0>  >  0,  H(x0,u(x0),  Du(xfl))  <  0 


if  ■jjj  (xfl)  <  0,  inf(H(x0,u(x0),DTu(x0>  +  Xn(xQ)/X  e  [|^  (xQ),0]}  <  0  . 

Clearly,  if  u  is  a  viscosity  subsolution  of  (1),  u  8  C(0),  u  is  differentiable  at  each 
point  xq  of  30  and  if  (12)  holds  for  all  Xg  8  30,  u  is  a  viscosity  subsolution  of 
(1)  -  (2). 

He  now  turn  to  a  stability  result 

Proposition  4:  bet  (uk)k  e  C(0)  be  viscosity  subsolutions  (resp.  supersolutions)  of 

3uk 

(13)  Hk(x,uk,Duk)  “0  in  0,  -  0  on  30  . 

Assuan  that  uk  converges  unformly  on  0  to  u  and  that  Hk  converges  uniformly  on 
0  «  [-R.+R]  x  br(Vr  <  »)  to  H.  Then  u  is  a  viscosity  subsolution  (resp.  super solution) 
of  (1)  -  (2). 

■ 

Proof:  It  is  basically  the  same  as  in  (9],  (7J.  He  just  have  to  prove  (8*)  when  xg  e  30 
is  a  local  strict  maximum  point  in  0  of  u  -  ♦  with  ♦  8  c\o).  For  k  large  enough, 

Ujj  -  +  has  a  local  maximum  point  xk  in  0  and  xk  £  Xg.  Therefore,  we  find 

VVuklxk,'D*<xk))  <  0  if  \  *  8 

/ 

(14) 


WW'^V  +  V&  (xk,r"<xk))  ‘  °  if  Xk  e 


30 


for  scan  8^  8  [0,1].  Hithout  loss  of  generality  we  may  assume  that  8fc  £  8  e  [0,1]  and 
we  find  (8")  passing  to  the  limit  in  (14). 


He  next  want  to  explain  how  one  adapts  to  the  definitions  to  cover  situations  like 
problem  (4):  let  H(x,t,s,p)  e  C(0  x  [0,T]  x  r  x  r1*),  vs  wish  to  define  viscosity 


solutions  of 


(15) 


■|~  +  H(x,t,u,Du)  “  0  in  Ox] 0,T[  *  ”  0  on  30x]0,T( 


Before  giving  the  easy  analogues  of  the  preceding  definitions,  let  us  point  out  that  (15) 
is  a  very  special  case  of  (1)  coupled  with  a  Neumann  type  boundary  condition  on  some  part 
only  of  the  boundary,  while  on  other  parts  Dirichlet  boundary  conditions  are  assumed  (here 
initial  conditions).  Let  us  mention  that  we  could  treat  in  much  greater  generality  these 
mixed  problems  but  we  will  skip  here  these  straightforward  extensions. 


Definitions t  Let  u  e  C(Qx]0,t().  We  will  say  that  u  is  a 

.1  — 


i)  viscosity  subsolution  of  (15)  if  for  all  ♦  €  C  (Qx]0,T[)  the  following  property 
holds:  at  any  local  maximum  point  (xo,t(|)  of  u  -  4  on  Qx]0,T[  then  we  have 


’ll 


st  <xo'V  +  H<VVtt(Vto,,D*<Vton  <  0  lf  xo  *  2 


(16)1 


(x„,t  )  +  H(x  ,t  ,u(x  ,t  ),D#(x  ,t  )  +  8(|±  (x,t))“n(x))  <0  lf  x  8  30 
.  3t  0  0  0000  00  3n  0  0  0  0 


for  scam  9  e  [0,1]. 

ii)  viscosity  supersolution  of  (15)  if  for  all  4  *  C‘(Q  *  [0,T] )  the  following  property 
holds:  at  any  local  minimum  point  (x0,tQ)  of  u  -  4  on  Qx)0,T[  then  we  have 


f I?  (xo'V  +  "‘VV^VV'^VV*  *  0  if  X0  €  ° 


(17)< 


I  (x  ft  )  ♦  >  0  if  XA  ®  00 

\  at  0  0  0000  00  dn  0  0  0  0 


for  scam  !  e  [0,1]. 

iii)  viscosity  solution  of  (15)  if  it  is  both  a  viscosity  subsolution  and  supersolution  of 
(15).  _ 


1  2  m  1  —■ 

Remark:  Exactly  as  before  we  may  replace  C  by  Or ,  C  ,  or  C  (8  *  [0,T])j  local  by 
global,  global  strict  or  local  strict..  .  We  could  also  use  the  analogues  of  (8)  -  (9). 
Finally,  one  can  give  a  definition  in  terms  of  sub  and  super  differentials  only  as  in 
(8*)  -  (9’)...  . 

■ 

Exactly  as  in  [9],  [7],  its  is  useful  to  extend  (16),  (17)  on  Q  x  (t>  as  follows 
Proposition  5:  Let  u  8  c(Ox]0,T])  be  a  viscosity  subsolution  (rasp,  super solution)  of 


(15).  Then  for  any  8  «  c  (Ox]0,T]>,  if  (x,T)  ia  a  local  aaxiau*  (reap.  miniaun)  point 
of  u  -  8  in  Qx]0,T]  than  hava 

I  <*«*>  ♦  H(x,T,u(x,T),D8(x,T)  >0  if  x  e  a 

^  li  (x,T)  H(x,T,u(x,T),D8(x,T)  ♦  8(|±  (x,T))”n(x))  <0  if  x  € 

for  iom  8  e  [0,1]  (rasp. 

{|i  (x,T)  +  H(x,T,u(X,T),I*<X,T))  >0  if  x  6  0 

|i  (x,T)  ♦  H(x,T,u(x,T),D4(x,T)  -  8(|±  (x,T) )+n(x) )  >0  if  x  8  Q 
for  scan  8  e  10,1]). 

Proof t  Again,  it  is  alaost  tha  same  proof  as  in  (9],  (?]  so  we  will  just  skatch  it. 
Without  loss  of  ganarality  wa  may  as suae  that  (x,T)  (  3D  »  {t}  is  a  local  strict  maximum 
point  of  u  -  ♦  on  Qx]0,T]  whara  8  fl  C^QxlO.T] ).  Than  for  c  small  enough 
u  -  8  -  has  a  local  maximal  point  <xe,t£)  in  Qx]0,T[  such  that  x£  ♦  x,  te  ♦  T. 

Using  (16),  wa  find 


~2  *  ft  ®  lf  xe  *  fl 


(T-te) 


— — -  ♦  U  (X  ,t  )+H(x  ,t  ,u(x  ,t  ),D8(X  ,t  )+8  (|i  (x  ,T))"n(x  ))  <  0  lf  x  e 
^  ^2  3t  €  e  t  t  €  e  eeeone  c  »• 


for  som  0£  «  [0,1].  and  wa  conclude  easily  lotting  t  go  to  0.  ^ 

2  i  — 

Remark t  exactly  a.  in  aactlon  I  on.  aay  prove  that  if  there  exists  u  e  C  '  (ftx]0,T[) 


solution  of 

9u  9uc 

-  edue  +  He(x,t,uc,Due>  -  0  in  (lx]0,T[,  «  0  on  3flx]0,T( 

where  Hc  converges  uniformly  cn  compact  subsets  of  fix] 0,T(*»«N  to  H  and  lf  u£ 
converges  uniformly  to  u  on  compact  subsets  of  0x]0,T[  for  sane  sequence  en  ♦  0 
then  u  is  a  viscosity  solution  of  (15). 


III.  OBlamnwi  results. 


ft  begin  with  uniqtwMU  results  concerning  viscosity  solutions  of  ( 1 )  -  <2 } .  Ms  will 


use  the  following  assumptions 


for  t  < 


H(x,t,X(x-y) )  -  h(y,t,l(x-y) )  >  -wR(l|x-y|2  ♦  |x-y|)0x,y  0  S, 

R,  X  >  1,  and  whars  t^(s)  *  0  if  S'*  o+i 

VR  <  •,  Tjj  >  *i  H(x,t,p)  -  h(x,s,p)  >  TR(t-s)  if  -R  <  S  <  t  <  R 


for  all  x  0  0,  p  0 


sup{ |H(x,t,p)  -  H(x,t,q) l/x  0  30,  jt|  <  R,  |p-q|  <  e)  ♦  0  as  C  ♦  0 


for  all  R  < 

Then  our  main  uniqueness  and  comparison  result  Is  the 
Theorem  6t  let  H  0  C(Q  x  [-R,+R]  *  BR) (VR  <  «•)  satisfy  (21).  Let  u,  v  €  C(Q)  be 
respectively  viscosity  sub  solution  of  (1)  -  (2),  viscosity  supersolution  of  (I1)  -  (2) 
where  ( 1 • )  is  the  equation  given  by 

(1*)  H(x,v,Dv)  *  f(x)  ■  0  in  Q 

and  f  e  c(8) .  Then,  if  we  aaeiSM  either  that  (20)  holds  and  Q  ia  convex,  or  that  (20), 
(22)  hold  or  that  u  (or  v)  0  W1,"(fl),  we  have 

■ax  (u-v)+  <  ~  wax  t* 

a  a 

where  y  -  y  and  R  -  Hx(luls,Wla)  . 

0  ■ 

Proof i  of  course  the  proof  follows  the  corresponding  proofs  in  [7) ,  (9)  the  main  changes 

being  at  the  boundary.  Hence,  we  consider  as  in  (7],  [9] i  H  >  R0»  0  €  C  (B), 

ta 

0  <  0  <  1,  0(0)  -  1,  0(t)  -  1  -  j-  for  t  small,  0<t)  <1  if  t  *  0,  supp  0  c  1-1, *11 » 
0£(p)  ”  0(|p|/e)  for  p  0  tf*.  c  >  0»  w(x,y)  -  u(x)  -  v(y)  3M  0c(x-y)  for  x,y  0  0.  Be 

may  assume  that  L  ■  max  (u-v)  >  0  so  that  aax  w  >  3M  +  L  >  3M.  Hence,  if  (x,y)  is  a 

0  _  Qxfl 

maximum  point  of  w(x,y)  on  0  x  8  we  deduce 


x-y  0  Supp  0C  and  thus  |x-y|  <  c 


In  fact,  we  have 


•  V  *-•  •  •  *  «  V  ’*_•  *  *  *  m  •  •  * 

.v*  •**  /-Vy-v-Vv-v 


'  *  ■  s  *  a  '»•*•«•  •  e  *  s  *  S  *  t  '  •  "  •  •  ■  •  *  a  '  S  *•*■*•*  .  *  *  • 

•  *  ’As  *..  •  .s\tSA»  *<\»  *■  'A»  •  »  *  s>A  a 


/  s'  - 


3M  6£(x-y)  +  u(x)  -  v<x)  +  uv(e)  >  Max  w  >  3M  +  L  » 

QxQ 

whara  i*  •  modulus  of  continuity  of  v,  and  thus  wa  deduce  easily  fro*  the  property 

of  9e  that 

(23)  |x-y|  <  e«(e),  70£(x-7)  -  -U-y)/e2  . 

Aa  in  the  usual  uniqueness  proofs,  we  observe  freezing  y  at  y,  reap-  x  at  x  that 
Ce  ■  “3HV0e(x-y)  e  D+u(x)  n  D  v(y)  (even  if  x  or  ye  3Q).  Therefore  applying  the 
definitions  and  assumptions 


(24) 


{H(x,u(x),Ce)  <0  if  x  e  D 

H(x,u(x),Ce  +  8(5e,n(x))  n(x))  <0  if  x  e  30,  for  sosw  6  e  [0,1] 


C  H(y,v(y) ,Ce)  >0  if  yea 

‘25>  \  -  -  -  ♦  - 

V.H(y,v(y),5e  -  0(Ct,n(y))  n(y))  >0  if  y  e  30,  for  sosw  0  e  [0,1]  . 

Next,  if  0  is  convex,  we  observe  that 

(5e»n(x))  -  3M(x-y,n(x) )e  2  >  0  if  x  «  30,  y  e  0 

(Ct,n(y))  -  3M(x-y,n(y)  )e  2  <  0  if  x  «  0,  y  e  3Q  . 

Hence  the  cases  when  x  or  y  belong  to  3Q  do  not  modify  the  usual  proofs  and  we 
conclude . 

On  the  other  hand  if  0  is  arbitrary,  then  as  it  was  observed  in  P.  L.  Lions  [29], 
P.  L.  Lions  and  A.  S.  Ssnitnan  [33]  there  exists  CQ  >  0  such  that  for  all  svs2  ®  '•* 

(26)  (ci-S2'n(c1 ))  >  “Cgls^-sjl2  if  e  30  . 

Using  this  renark  we  deduce  from  (23) 

*~2(Cc,n(x) )  >  -C„«(e)2  if  x  «  30,  (5e,n(y))e"2  <  C0«(e)2  if  y  e  30  . 

Therefore  we  see  that  the  additional  tens  in  the  Hamiltonians  due  to  the  possibility  of 
finding  x  or  y  on  3fl  go  to  0  and  using  (22),  the  usual  uniqueness  proofs  still 
•ppiy- 


continuity  of  u  (or  v).  Then,  if  (28)  holds,  we  hsvs 

(29)  max(u-v)+  <  y  a*x  f*  . 

an  ■ 

Remarks:  Of  courts  (28)  is  awkward.  On  ths  other  hand  it  holds  if  (20)  holds  (condition 
which  was  introduced  by  R.  Jensen)  and  Q  is  convex,  or  if  (20),  (22)  hold,  or  if  u  is 
Liptchitz  since  in  that  case  |t£|  <  Cc.  In  addition  if  u  8  C0,a  for  sons  a  8  ]0,1[ 
then  |t£|  <  Ce1^*2”®':  for  example  if  H(x,t,p)  *  4(*)|p|m  *  It  with  m  >  1, 

4  8  then  (22)  holds  only  if  ♦  S  0  on  30  while  if  u  e  C0'®,  (28)  holds  if 

a  >  ( m-1 )/*. 

■ 

We  will  not  state  any  results  on  Cauchy  problems  like  (15):  let  us  mention  that  if 
u,v  8  c(Q  x  [0,T] )  are  respectively  viscosity  subsolution  of  (15),  viscosity  supersolution 
of 

(30)  ~  +  H(x,t,v,Dv)  ♦  f(x,t)  -  0  in  a  x  ]0,T[,  -  0  on  30  x  ]0,T[ 

3t  oil 

then  provided  the  analogues  of  (20),  (21)  (with  now  >  -  •),  (22)  (or  even  (28),  where 

the  inequalities  are  uniform  in  t  8  (0,T),  hold  then  the  following  inequality  holds 

max(u-v)+(t)  <  e^*  max(u-v)+(0 )  ♦  J*  max  f^sje^'ds  . 

0  0  0 

IV.  Existence  results. 

For  problem  (1)  -  (2),  the  Min  existence  result  is  the  following: 

Theorem  8:  Let  H  8  C(Q  x  [-r,+r]  x  br) ,  assume  there  exist  u,u  e  C(Q)  viscosity 
super solution,  resp.  subsolution  of  (1)  -  (2)  and  assume  that  H  satisfies  (21)  and  either 
(20)  and  0  is  convex,  either  (20)  and  (22),  or  that 

(31)  H(x,t,p)  ♦  as  |p|  *  •**,  unformly  in  x  8  0,  t  bounded  . 

Then  there  exists  a  unique  viscosity  solution  of  (1)  -  (2). 

■ 

Remarks:  1)  If  in  (21),  fR  is  bounded  away  from  0  independently  of  R  then  one  may 
choose  u  -  c,  ^  -  -c  for  some  large  constant  c. 

ii)  The  uniqueness  part  of  the  above  result  is  contained  in  Theorem  4  since  (31)  yields 
that  any  viscosity  subsolution  (in  0)  of  (1)  belongs  to  W1'  (0)  (see  [9],  (25)  for  a 


proof  of  this  fact) 


Proof i  To  simplify  tha  presentation,  we  will  make  the  proof  only  in  the  case  when 
H(x,t,p)  “  H(x,p)  ♦  Xt,  with  H  satisfying  (20)  (or  (20  -  (22),  or  (31)..,)  and  X  >  0. 

Our  first  observation  concerns  a  priori  estimates  on  solutions  u  of  (1)  -  (2).  By 
comparison  with  u  and  ti  we  obtain  uniform  bounds.  Now,  exactly  as  in  H.  Ishii  [23] 
and  M.  6.  Crandall  and  P.  L.  Lions  [11],  one  may  obtain  an  estimate  of  the  modulus  of 
continuity  of  u:  indeed  one  checks  easily  that  v(x,y)  ■  (u(x)  -  u(y))+  is  a  viscosity 
subsolution  of 


[  (H(x,D  v)  -  H(y ,-D  v))  a  0  +  Xv  <  0  in  QxQ 

l 

1  |j*  0  on  3(0x0)  . 


Then  we  claim  that  under  the  assumptions  of  Theorem  6,  we  can  find  for  all  e  >  0 
constants  C  »  C(e)  >  0,  t  *  T(e)  e  ]0,1[  such  that 

-  «  ♦  c|x-y|T 

is  a  viscosity  supersolution  of  (32),  where  y  «  ]0,1],  C  depend  only  on  the  moduli 
Involved  by  (20),  (22).  Formally,  one  checks  this  claim  by  computing 


If  (20)  and  (22)  hold,  wo  have  obtained  bounds  and  a  aodulua  of  continuity  for  any  solution 
of  (1)  -  (2)  which  dapand  only  on  the  Moduli  in  (20),  (22). 

therefore,  by  eaay  approximation  arguments,  we  may  assume  that  R(x,p)  la  smooth  and 
that  H  la  Lipachitc  on  H  *  ^  If  (31)  holds,  aince  one  deduces  from  (9],  [25]  easy 
Lipechits  estimates,  getting  existence  in  that  case  is  also  enough  to  conclude  (as  usual 
for  existence  results  in  Hamilton- Jacobi  aquations).  Than,  the  particular  case  is  treated 
via  the  vanishing  viscosity  method 

2  9ue 

(32)  -edut  ♦  H(x,DUg)  ♦  Xuc  *  0  in  8,  u£  0  C  (E),  -  0  on  30  . 

Hie  existence  of  u£  le  insured  by  standard  raaulta  on  quaallinear  equations  (see  for 
exaaple  [20] )  t  recall  indeed  that  H  has  bounded  derivatives  in  (x,p)  on  8  *  rf* . 

Using  maximum  principle,  one  obtains  uniform  bounds  on  u£ .  To  obtain  X1'  (0)  hounds,  we 
may  use  the  methods  of  P.  L.  Lions  [30],  [31]  baaed  on  Bernstein  ideas*  indeed,  if 
v  0  C2(8)  satisfies  (2)  then 

(33)  |Vv|2  <  C^fvl2  on  3 fl 

where  depends  only  on  8  and  -  0  if  Q  la  convex.  Then,  we  consider  a  function 

♦  e  C2(fl)  satiafying 

(34)  ♦  >  0  in  0,  -  -C,  on  38 

C.d 

(take  for  example  ♦  •  e  where  d  -  dlst(x,38)  nearby  38).  Ms  finally  set  w  - 

♦  |Vut|2  and  we  compute 

J  -edw  ♦  7w  +  2Xw  <  -2c4]D2ut|2  -  4t4i  9kut32kiue  + 

+  2Mw  in  8,  <  0  on  38 

dH  3h 

where  M  depends  only  on  8,  If1-  and  C  depends  only  on  8  and  1^..  Applying 
Cauchy-Schwar*  inequalities  and  using  the  maximum  principle,  we  see  that  for  1  >  X1 

w  «  X  on  a 

where  X  la  independent  of  e  and  X^  depends  only  on  8,  Using  Theorem  1,  we 

deduce  from  theae  estimates  the  existence  of  a  viscosity  solution  u  of 
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H(x,Du)  ♦  “  X,f  in  0 


0  on  M 


*u 

'  TT 

where  f  9  W1,"{0).  tat  than  Theorem  6  yields  that  if  u^,  u2  trt  thn  solutions 
corresponding  to  f1#  f2  w  hart 

X, 

Max|u-u,  I  <  j-r-  Max  |  f  -  f  |  . 

Q  1  0 

Therefore,  by  an  aaay  application  of  tha  usual  i tar at ion  as t hod,  as  finally  obtain  tha 
axiatanca  of  a  solution  u  of  (1)  -  (2). 

■ 

Ms  now  turn  to  seas  regularity  results i 

Corollary  9t  Ut  M  C(Q  x  (-*,♦*)  x  r^HV*  <  -)  satisfy  (21),  lot  u  «  C(0)  ba  a 

viscosity  solution  of  (1)  -  (2).  Sat  Kg  -  lul„,  y  »  y_  .  Mo  finally  assuaa  that  ■ 

*0 

satisfias 

(35)  |n(x,t,p)  -  H(y  ,t,p)  |  <  Cjx-yl  |p|  ♦  c|x-y|,  »x,  y  9  0,  Up 

for  all  !tl  <  tg,  for  scam  constanta  C1#  C  >  0»  and  that  Q  la  convax  or  that  H 

satisfias 

<3*)  |t(x,t,p)  -  H(x,t,q)|  <  C2|p-ql,  Wx  C  20,  Up,  q  «  rf*,  u|t|  <  Rg  . 

In  tha  first  casa  wa  sat  8  -  Y/C 1  if  y  <  C^,  8  arbitrary  in  )0,1[  if  |  ■  C|,  8  ■  1 
if  y  >  C,  whila  in  tha  sacond  casa  wo  oat  8  *•  Y/^-iCjCg)  if  T  <  Ct-KT^g.  8  arbitrary 
in  10,1 1  if  y  -  C^jCg,  8  -  1  if  y  >  Cj+C^g  -  whore  Cg  is  givan  by 
(26). 

Proof i  Ona  just  chocks  that  c|x-y|8  is  a  viscosity  suparsolutlon  of 

(H(x,u(y),D  v)  -  H(y,u(y),  -  0  v)  AO  ♦  Y*  >  0  in  Oxfl 
*•  / 

< 

1^-0  on  2(0x0) 

idilla  (u(x)  -  u(y))+  is  a  viscosity  subsolution  of  tha  sans  problem .  Ms  than  concludo  by 
an  application  of  Thaorosi  4. 

■ 

Wo  now  concludo  by  stating  tha  corresponding  results  for  tha  Cauchy  problem  (15). 
lot  T  e  J0,»[,  we  will  say  that  K(x,t,s,p)  «  C(Q  x  [0,T]  *  R  x  *")  satisfias  (20),  (22) 


if  (20),  (22)  are  aatiafiad  uniformly  in  t  8  (0,TJ.  Finally,  we  will  raplaca  (21)  by 


(21')  ay  >  H(x,t,s2,p)  -  mx,t,i1,p)  >  y  (•2-»1> 

for  all  x  e  Q,  t  6  [0,T],  s1  <  a2,  p  8  if  and  wa  will  usa  tha  assumptions 
(35')  |H(x,t,a,p)  -  H(y  ,t,a,p)  |  <  C*|x-y|  |p|  «•  CR,  Vx.y.t.p 

for  |s|  <  R, 

(36*)  |H(x,t,s,p)  -  H(x,t,»,q) |  <  CR|p-q|,  VX  8  80  Vp,q,t 

for  |*|  <  R,  whara  CR,  CR,  cR  are  various  poaitive  constants. 

__  _  U 

Theorem  10 »  Let  Ug  8  C(fl),  let  H  e  C(0  *  10, T]  x  R  *  R  )  satisfy  (21*).  Wa  assume  in 
addition  either  that  (20)  holds  and  0  is  convex,  or  that  (20),  (22)  hold,  or  that  H 

satisfies 

(37)  H  *  +•  as  |p(  ♦  •  uniformly  in  x  e  0,  t  «  f0,Tj,  a  bounded 

(38)  H(x,t1,s,p)  -  H(x,t2,s,p)  >  -Cpft^tj)*  for  |s|  <  R 

for  all  x  e  0,  p  8  a?,  t  8  [0,TJ.  Then  there  exists  a  unique  solution  u  of  (15)  in 
C(fl  x  [0,T] )  satiafyingi  u(x,0)  -  u0(x)  in  0.  In  addition,  if  we  assume  either  (35*) 
and  0  convex,  or  (35')  and  (36‘),  or  (37)  and  (38),  and  if  ug  8  H1'  (0)  then 
u  e  W1,*’(0  x  ]0,T[). 


V.  More  general  boundary  conditions. 

We  consider  now  the  case  of  the  general  boundary  condition  (5)  where  y  is  smooth 
(say  C3)  and  Y  satisfies  (6).  Ws  first  define  viscosity  solutions  of  (1)  -  (5). 
Definition i  u  !  C(Q)  is  said  to  be  a  viscosity  suhsolution  (rasp,  supersolution)  of  (1) 
(5)  if  we  have  for  all  ♦  e  c' (B) 

f  at  each  local  maximum  point  Xg  of  u  -  ♦  in  fl,  we  have 


(39) 


H(X0,U(X0),D*(Xg))  <0  if  Xg  e  a 
K  H(x0,u(x0),D*<x0))  <0  if  x0  e  80  and  |±  <xQ>  >  0 


( reap. 
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at  aach  local  minimum  point 

Xg  Of  U  “  8 

in  0,  we  have 

(40)  < 

1  H(x0,u(x0),D8(xq))  >  0 

if 

x0  e  o 

H(x0,u(x0),D8(x0))  >  0 

L. 

if 

xQ  e  30  and  | 

i  (x0)  <  0)  . 

Finally,  a  la  a  viscosity  solution  if  it  is  a  viscosity  sub  and  super solution. 

I 

Remarks i  i)  One  obtains  equivalent  formulations  replacing  D+  by  £  ®  D+u( Xg )  (rasp. 
O~u(x0)),  or  ♦  e  C1  by  +  e  C2,  f  e  c“,  or  local  by  global,  global  strict  or  local 
strict.  Finally,  one  may  consider  only  ♦  e  C  (0)  such  that  •j*  >  0  on  30  (reap. 

<  o  on  30).  Arguing  as  in  Theorem  2,  we  also  remark  that  u  is  a  viscosity  sub- 
solution  of  (1)  -  (5)  (reap,  supersolution)  if  and  only  if  we  have 


(39*) 


(resp. 


(40*) 


{Vx  e  o,  e  D+u(x),  H(x,u(x),()  <  0 

vx  e  30,  vt  e  D+u(x) ,  inf  H(x,u(x),  5  ♦  9(C.Y)~  ■ "y.->  <  o 

o<e<i  ('T' 


{vx  e  0,  ve  b~u(x),  H(x,u(x),C)  >  0 

vx  e  30,  vS  e  d"u(x).  Sup  H(x,u<x),C-8<e,y)+  )  >  0)  . 

0<8<1  ' n,y) 


(ii)  Exactly  as  in  sections  I,  II,  one  may  prove  stability  results  and  the  relations  of  the 


above  definition  with  the  vanishing  viscosity  method 


We  now  turn  to  existence  and  uniqueness  results:  firat  of  all,  following  P.  L.  Uona 


[29],  P.  L.  Ilona  and  A.  S.  Sznitman  (33),  wa  lntroduca  aij(x)  -  a^tx)  (smooth  on  I F, 
aay  C^ltf*))  aatlafylng 


(41)  v  >  0,  V*  «  F*1,  (a^(x) )  >  vxn 

(42)  Vx  C  ill  aij(x)Yj(x)  -  ^(x)  for  1  <  i  <  N  . 

Claarly  If  wa  had  y  •  n,  wa  would  juat  taka  *ij(x)  »  5^.  Next,  tha  matrlcea 


induce  a  metric  on 


(43) 


d(x#y) 


defined  by 

-  lnf{/^[a1J(C(t))41(t)4j(t)J1'^dt/C  e  C 1((0,1]i*H) 
5(0)  -  y,  5(1)  -  x} 


alj(x) 


and  L(x,y)  -  d2(x,y)  aatlaflea 

L(x,y)  -  lnf{/g  alj(5(t)){1tjdt/5  e  C1!  t0,11  *■?*), 
5(0)  ■  y,  5(D  “  x}  • 


(43* ) 


Then  It  la  well-known  that  for  |x-y|  email  (aay  |x-y|  <  CQ), 
unique  minimi ear  in  (43)  or  (43*)  5(  and 


L  la  C' 


there  exists  a 


Vx^T 

'V?Ux,y,}  -  alj(x)(xj-yJ)|  <  c|x-y|2 
w  «,8  >  0,  a|x-y |  «  t(x,y)  <  B|x-y|  . 


With  these  notations,  we  Introduce  the  following  assumptions i 

H(x,t ,1V  L(x,y ) )  -  H(y,t,-17  L(x,y) )  > 

*  y 

(45) 

-  wR(l|x-y|  +  |x-y|)  for  x,y  e  0,  |x-y|  small,  1  >  0,  |t|  <  R 
where  wR(s)  *  0  if  a  ♦  0+» 

(46)  a  1  >  0,  H(x,t,p)  -  H(x,a,p)  >  l(t-a),  Vx  e  8,  Vt  >  a,  Vp  e  J*  . 

Wa  then  have  the 

Theorem  lit  1)  Uniqueness .  Assume  that  H  satisfies  (46).  Let  u,  v  e  C(8)  be 
respectively  viscosity  subsolution,  resp.  super solution,  of  (1)  -  (5),  reap.  (1')  -  (5). 
In  addition  assume  that  either  (45)  and  (22)  hold,  or  u(or  v)  e  W1'  (Q).  In  both  cases, 
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(29)  holds 


2)  Kxl stance.  Assuae  that  H  satisfies  (46)  and  that  althar  (45)  and  (22)  hold  or  (31) 
holds*  Than  there  sxlsts  a  uni qua  solution  u  C  C(Q)  of  (1)  -  (5). 

■ 

Bsaarksi  i)  Analogous  rasults  holds  for  tha  Cauchy  problea.  Ons  just  aakas  slallar 
unlforaly  in  t<  (0,T]  (replacing  X  >  0  In  (46)  by  X  >  -•).  In  addition,  we  aay 
consider  as  well  vector  fields  depending  on  t. 

ii)  M  could  treat  in  a  siailar  way  aore  genaral  boundary  conditions  such  as 

♦  f(x,u)  -  0  on  3Q 

where  f(x,t)  C  COO  *  ■)  is  nondecreasing  with  respect  to  t. 

ill)  Of  course,  when  (31)  holds,  the  solution  u  belongs  to  W  '*(11).  And  if  H 
satisfies  (35),  (36),  one  aay  prove  that  u  e  C°'®(Q)  where  6  depends  only  y,  Q,  C1# 

Cj,  X.  In  particular  6  •  1  if  X  is  large. 

iv)  Clearly  if  Y  “  n,  choosing  aij(x)  -  6^,  we  find  d(x,y)  -  |x-y|,  L(x,y)  ”  |x-y|2 
and  (45)  reduces  to  (20). 

■ 

Proof  t  The  proof  of  this  result  is  very  nuch  siailar  to  the  ones  of  Theoreas  4  and  6.  The 

uniqueness  is  proved  using  0£(x,y)  e  C*(5xffj  satisfying  for  |x-y|  <  jt,  6e (x,y)  “ 

1  -  —Iff  L(x,y),  6=0  if  |x-yj  >  e,  0  <  6,  <  1  if  x  ?  y.  We  then  observe  that  in  view 
2e2  €  * 

of  (44) 

(V^L(x,y) ,  Y(x) )  >  a1j(x)Y j(x)(x^-y^)  -  c|x-y|2 

>  (n(x),  x-y)  -  C|x-y|2  >  -(C+Cg) |x-y | 2 

for  x  e  30,  y  e  Q,  I  x-y |  saall.  This  allows  us  to  ainick  the  proof  of  Theorem  4. 

For  the  existence,  we  also  observe  that  replacing  |x-y|Y  by  X.(x,y)Y^2  we  obtain 
exactly  an  in  the  proof  of  Theorem  6  estimates  on  the  modulus  of  continuity  of  a  solution 
u  of  (1)  -  (5).  Therefore,  we  Just  have  to  show  uniform  w''"(0)  estimates  on  the 
solution  ue  of 


,ue 

_cAug  ♦  H(x,ug,Dug)  “0  in  ft,  *0  on  *0 
whore  H  lo  smooth,  Llpschitz  In  (x,t,p)  end  ootiofieo  (46).  Again,  thin  is  achieved  aa 
in  the  proof  of  Iheorea  6  using  the  ideas  of  r  L.  Lions  [30],  (31] i  if  v  6  C2(ft),  ”  0 

then 

h  ^ijVY’  ‘ c!°v|2  *  tauVY,Y 

<  C|"v|2  ♦  2*ijY%V,Y 

<  C|*v!2  ♦ 

where  C  denotes  various  constants  independent  of  v.  If  we  choooe  g^j(x)  “  (a^j(x))  1 ’ 
we  obtain  g^n^  “  Y^  and  thus 

Ty  <9ij?iv*iv)  *  clVvl2  *  c(9ij*iv9jv>  * 

This  allows  us  to  argue  as  in  the  proof  of  Theorem  6.  ^ 

In  fact,  it  ia  possible  to  extend  Theorem  11  (and  Theoreu  6,  8,  corollary  7)  by 
considering  the  distances  relative  to  ft  i.a. 

L'(x,y>  -  inf  C  f  g  aij(F(t))f1fjdt  |  E  e  (0,1]  »J?),E{0)  -  y,  f(1)  -  x  , 

F(t)  e  n  vt  e  to,i] >  . 

Replacing  L  by  L'  in  (45)  enables  us  to  get  rid  of  (22 )  >  on  the  other  hand  checking 
(45)  then  become  difficult. 


VI.  Appllcatlona  to  optimal  control  and  differential  games. 

We  begin  with  optimal  control  problems  of  reflected  deterministic  problems:  let  A 
be  a  metric  space,  we  consider  systems  whose  state  is  governed  by  the  solution  x^.  of  the 
following  ordinary  differential  equation  with  reflection  on  the  boundary 


V 


t 

with 


x  +  fg  b(X>r08)ds  -  fg  Y(Xg)dAg  for  t  >  0 
Xt  e  0,  Vt  >  0,  Ag  is  continuous,  nondecreasing  and 

\  -  f0  WV".  for  *  > 0 
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(47) 


here  and  below  Is  the  control  process  i.e.  any  measurable  function  from  [0,“  [  Into 

A.  Heuristically,  this  dynamic  problem  corresponds  to  a  usual  controlled  ordinary 
differential  equation  (with  dynamics  determined  by  b(x,a))  while  lies  in  8,  when 

Xt  crosses  38  xt  is  "pushed  back  in  8"  alonq  the  direction  y(Xt)  with  a  "force" 
dA^,.  This  is  one  way  of  realizing  state  constraints  (here  Xt  6  il  ¥t  >  0)  by  specific 
boundary  actions  on  the  system:  the  above  one  is  probably  the  simplest  possible. 

Provided  convenient  Lipschitz  conditions  on  b  are  assumed  (see  below)  problem  (47) 
admits  a  unique  solution  ( Xt , At )  -  see  for  instance  [33].  We  then  introduce  the  cost 
function  and  the  value  function 

(48)  J(x,at)  -  /“  f(Xt,at)e-Xtdt,  Vx  e  8 

(49)  u(x)  -  inf  J(x,at),  Vx  e  8 

°t 

where  the  infimum  is  taken  over  all  possible  control  processes.  We  will  assume  that 
\  >  0  and  that  f,  b  satisfy 

I  |b(x,a)  -  b(y,a)|  <  c|x-y|,  Vx,y  6  8,  Va  J  A  I 

(50)  <  |b(x,a) |  +  | f (x ,a) |  <  c,V(x,a)  e  8  x  A;  b,  f  are  continuous  on  8  x  a  ; 

I  |f(x,a)  -  f(y,a)|  <  c  m(lx-yl),  V*,y  @  8,  Va  e  A,  and  m(t)  +  0  as  t  ♦  0+  . 

The  above  control  problem  is  an  infinite  horizon  problem;  we  could  treat  as  well  time- 
dependent  finite  horizon  problems  (which  in  some  sense  are  simpler  but  involve  heavier 
notations  1 ) . 

The  usual  argument  of  dynamic  programming  yields  that 

(51)  u(x)  -  inf {/q  f (Xs,as)e‘Xsds  +  u(Xt)e~Xt},  Vx  e  8 

“t 

where  t  >  0  (we  could  even  choose  t  depending  on  the  control  process).  In  addition, 
u  e  C(8).  Both  statements  are  proved  exactly  as  in  P.  L.  Lions  [25]  (see  [29]  for  a 
proof);  let  us  just  mention  that  the  continuity  is  easily  derived  from  the  following 
observation:  let  xt'  Xt  b®  two  solutions  of  (47)  corresponding  to  x  ,  x*  e  8  and  let 
a^j(x)  be  the  matrix  introduced  in  the  preceding  section.  We  consider  t  6  C*(8)  such 
that  ”1  on  38,  and  we  set 


V$(x)  «  C,  ♦<y)  <  u(y)  for  y  e  Q,  y  x.  Following  the  proof  in  [25],  we  deduce  from 
(51) 

♦  <x)  >  inft/jj  f(Xg,ag)e"X8da  +  ♦(Xt)e"Xt),  Vt  >  0  . 

“t 

And  we  deduce  easily  as  in  (25} 

{sup{-(£,  £  ftQ  b(x,ag)ds)  +  <£,  J*  Y(Xg)dAg>  -  ^  J*  f(x,ag)ds} 

®t 

+  Xu(x)  >  -e(t)  ♦0  as  t  ♦  0+  . 

In  addition,  from  the  results  of  P.  L.  Lions  and  A.  S.  Sznitman  [33]  we  obtain 
(55)  0  <  dAt  <  (b(Xt,at>,  n(Xt))'*'(n(Xt),Y(Xt))_1dt  . 

Now  if  (5,Y(x))  >  0,  it  is  easy  to  deduce  (53)  conbining  (54)  and  (55).  On  the  other 
hand  if  (£,y(x))  <0,  we  argue  by  contradiction  and  we  assume  that  there  exist  6  >  0, 
a  e  A  such  that 

(53')  -(b(x,a) ,£)  +  (b(x,a) ,n(x) )+(n(x) ,Y(x) )-1 (£ ,y(x) )  -  f(x,a)  +  Xu(x)  <  -  6  <  0  . 

He  may  assume  that  (b(x,a) ,n(x) )  >  0  since  if  this  is  not  true  (54)  and  (55)  easily  yield 
a  contradiction.  Now,  if  we  choose  at  3  x,  and  if  Yt  is  the  solution  of 

-  b(Yfc,a)  -  (b(Yt,a),n(Yt))(n<Yt>,Y(Yt))“Vr(Yt),  t  >  0 
Y0-x 

then  Yt  e  30  for  all  t  >  0  and  setting  %  »  /*  (b(Yg,a) ,n(Yg) >(n(Yg) ,y (Yg> )_1ds  we 
see  that  Bt  is  increasing  for  t  small  and  thus  by  the  uniqueness  of  the  solution  of 
(47)  we  have  for  t  small:  X^.  *  Yt,  At  ■  Bt.  Then,  (53')  yields  for  t  small 
-(£,b(x,a) )  +  (5,  £  J*  Y(Xg)dAg)  -  f(x,a)  +  Xu(x)  <  -  ~ 
and  this  contradicts  (54).  Therefore,  (S3)  is  proved. 

To  prove  (39),  we  consider  x  8  80,  E  (  D+u(x)  and  we  introduce  Xg(£)  “  sup(X  >  0, 

€  +  Xn(x)  e  n+u(x))«  recall  that  if  XQ(?)  <  ■  then  H(x,u(x),  £  +  X0(5)n)  <  0.  There¬ 
fore  we  may  assime  that  X0(C)  >  ($,Y(x) )~(n( x) ,y(x) )_1  -  X  .  Of  course,  if  (t,Y(x))  >  0 
i.e.  X1  -  0,  then  (53)  immediately  yields  (39).  Now  if  (C,Y)  <  0,  we  observe  that 
C  +  X^n(x)  e  D+u(x)  and  using  the  fact  that  u  is  a  viscosity  solution  of  (1)  one  deduces 
from  the  extension  technique  to  the  boundary  of  M.  G.  Crandall  and  P.  L.  Lions  (9) , 
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M.  G.  Crandall  and  R.  Newcomb  [14]  (see  also  [27]) 

sup[-(b(x,a),£  Xfn(x))  -  f(x,a)/a  e  A,  (b(x,o) ,n(x) )  <  0)  ♦  Xu(x)  <  0  » 

on  th«  other  hand,  (S3)  yields 

sup[-b(x,a) .?  -  (b(x,a),n(x)  )+X.  -  f(x,a)]  +  Xu(x)  <  0  . 

u«A 

Combining  these  two  inequalities  we  conclude. 

We  now  turn  to  differential  gamesi  we  will  consider  differential  games  for  reflected 
processes  and  we  will  use  Elliott-Kalton’s  formulation  [15],  [16],  thus  following  the 
approach  of  L.  C.  Evans  and  P.  e.  Souganidis  [18],  Let  A,  B  two  compact  metric  spaces,  we 
will  controls  and  strategies  for  both  players  by 


tat 

measurable 

from 

[0,-[ 

to  A} 

i 

{et 

measurable 

from 

[0,-t 

to  b) 

•  ,*  « 

A  «  {a  t  B  ♦  A,  a  nonanticipating} 

B  »  {0  s  A  ♦  B,  0  nonanticipating} 

12  12 

where  a  nonanticipating  meanai  o[BtJ  “  »[Btl  a,e.  on  [0,T]  if  Bfc  “  0fc  a.e,  on 
[0,T] «  For  e  A,  0  e  B  (rasp.  Bt  e  B,  a  e  A)  we  define  the  state  of  the  system  by 
the  solution  of 
f 

*t  “  x  +  /o  b(W® -  /p  Y <*,>dK,  , 

e  fl,Wt  >  0>  is  continuous,  nondecreasing  on  [0 ,« [  i 


[Kt*i5  vv«,  for  t>0 

p- 

r 

Yt  *  x  +  /o  b(*«,0l#B1,#B,d>  "  /o  t(X,,<SL,  » 

Yfc  e  n,vt  >  0i  Lt  is  continuous,  nondecreasing  on  [(),••[  » 

Lt  “  /o  13fl<VdL.  for  t  >  0  .  )  . 

V 

We  next  define  the  upper  value  and  the  lower  value  functions  by 


I 


k 


-  v  v  \  ^ 


u(x)  -  SU£  Inf  /-  f(X  ,a^,0(a  ]  )*  **dt  ,  Wx  8  0 
B€B  <*teA 


u(x)  -  inf  sup  J.  f  CY  ,a[0  ]  ,0  je'^dt  ,  Vx  8  8 

aeA  8t«B  * 


And  we  assume  the  analogue  of  (SO)  on  f(x,a,8),  b(x,a,0).  Combining  the  methods 
introduced  above  and  those  of  L.  C.  Evans  and  P.  E.  Souganldis  [18]  we  obtain 
Theorem  1 3 ;  The  value  function  u,  u  e  C(8)  and  are  the  unique  solutions  of  (1)  -  (5) 
where  H  is  given  respectively  by 


Hj (x,t,p)  -  sup  inf  [-b(x,a,0).p  -  f(x,a,8)]  ♦  Xt 

aeA  08B 


H_ ( x, t ,p)  -  inf  sup  (-b(x,a,0).p  -  f(x,a,0)]  +  Xt  . 

BeB  aeA 


Furthermore,  u,  u  satisfy  the  analogues  of  (S3). 


VII.  Ergodlc  problems. 

In  this  section  we  consider  an  Hamiltonian  R(x,p)  satisfying 
(31*)  H(x,p)  ♦  •  as  Ip |  *  +“,  uniformly  in  x  e  0 

(and  H  e  C(8  *  >F)).  Let  T  be  a  vector  field  satisfying  (6).  We  know  from  the 


preceding  sections  there  exist  unique  viscosity  solutions  u£  e  W1'  (8), 


U  e  •  ’'“(O  x  ]  0,T[ )  (VT  <  «•)  Of 


3u 


(56) 


Hfx.Du^)  +  €uc  "0  in  8,  -  0  on  38 


3u 


(57) 


^  +  H(x,Du)  -  0  in  8  X  ]fl(»[,  -  0  on  38  x  )0,-[ 


u(x,0 )  -  u  (x)  in  8 


where  u°  e  w1'  (8)  (for  example). 


We  want  to  explain  in  what  follows  the  behaviour  of  eu £,  u£  as  e  goes  to  0,  or 


3u 


u(*,t),  Tt  as  t  9oes  to  +*• 
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Thaoram  14 »  Uhdar  aatumption  (31 ' ) ,  cu£  convargaa  uniformly  to  tha  unlqua  u0  e  m  aueh 

that  thara  axiata  v  e  C(Q)  viacoaity  aolution  of 

(58)  H(x,Dv)  ♦  u0  -  0  in  Q,  ■|*p  ■  0  on  30  . 

to  addition,  if  x0  8  0,  v(  -  ue  -  ue(x0)  ia  boundad  in  W1,‘,(0)  and  any  convargant  aub- 
aaquanca  of  v£  (in  C(0))  convargaa  to  a  viacoaity  aolution  of  (58)  aatiafying 
v(xq)  •  0.  Furthermore  —■  u(x,t)  convargaa  uniformly  on  0  to  Ug  aa  t  ♦  +•». 

Ramarkat  1)  Va  do  not  know  if  v£  convargaa. 

il)  In  ganaral,  thara  ia  no  uniquanaaa  of  aolutiona  of  (58)  avan  up  to  tha  addition  of  a 
conatant.  Indaad,  conaidar  H(x,p)  -  (|p|-1)+.  Than  claarly  u0  ■  0  and  v  =  0  ia  a 
aolution  of  (52).  But  ao  ia  any  C1 (0)  function  v  aatlafyingi  | Dv|  <  1,  •  0  on 


ill)  Similar  argodic  problama  ara  conaidarad  in  F.  Gimbart  [21],  j.  M.  La  ary  [24],  P.  L. 

Lion*  and  B.  Farthama  [32]  but  thay  all  lnvolva  alliptic  aquation*  or  inagualitiaa. 

lv)  If  wa  kaap  tha  notationa  of  tha  pracading  aactiona,  aaauming  that  H(x,p)  ia  givan  by 

ona  of  tha  formulaa  in  Thaorama  12  -  13,  wa  obtain  tha  following  foxmulaa  for  u0 

u  -  lim  c  inf  lm0  f(Xt,a  )a'etdt 
c+0  «t 


uQ  “  lim  e  au£  inf  fg  f (Xt>ot,B [a^]  )o  ctdt 


e-*0  0CB  ot8A 


u^  ■  lim  e  inf_  sup  f (Xfc ,a [6^]  ,8t>e  etdt)  » 


6*0  aeA  @teB 


uQ  -  llm£  inf  /J  f(Xt,«t)dt 


raw  a 


inf  iiS?  fo  f<xt'0t,<5t 


uQ  ■  lim  tj  aup  inf  fg  f (Xt,at,B [atJ  )dt  ? 


t**  tee  ote* 


Uq  ■  lim  ^  inf  aup  fg  f(Xt,a[6t) ,@t)dt) 


T*m  aeA  8t«B 


.*  * .  *  *  -  a  ,  •  #  ■ , 
**  * #•  »•**.*«• 


/  / 


Proof i  By  a  straightforward  us#  of  tha  comparison  rasult  (Thao ram  6)  wa  saa  that 

|eue|  <  Ih(x,0)Im  in  0  . 

than  using  (56)  and  (31'),  on*  dsduces 

1 0ue  |  <  c  in  Q 

(in  viscosity  ssnss)  and  thus  v£  is  bounded  in  w1  '"(Q) .  Now,  if  for  scats  sequence 

en  0,  v£  ,  enu£  converge  uni f oral y  to  v,  ug»  claarly  u0  doss  not  dapsnd  on  x 
n  n 

and  by  the  stability  results  for  viscosity  solutions  v  is  a  viscosity  solution  of  (58). 

To  prove  the  uniqueness  of  u0 :  we  argue  as  follows.  Let  ug,  uQ  e  R  be  such  that 
there  exist  v,  v  viscosity  solutions  of  (58)  corresponding  to  ug,  uQ  respectively. 
Since  v,  v  are  clearly  defined  up  to  a  constant  we  nay  always  asstsee  if  ug  ¥  uQ 

u0  <  u0  ,  v  <  v  in  0  . 

Thus,  for  e  snail  enough  so  that  Ug  -  ev  <  Ug  -  ev  on  0,  we  see  that  v  is  a 
viscosity  supersolution  of 

_  —  9  v 

H(x,Dv)  ♦  uQ  +  ev  -  ev  in  Q,  •jy  •  0  on  38  . 

Since  v  is  clearly  a  viscosity  solution  of  this  problem.  Theorem  6  yields  that  v  >  v 
and  this  contradicts  our  choice.  Thus  ug  is  unique. 

Finally,  observing  that  is  bounded  on  8  *  )0,“f ,  we  see  that  Su,  are 

bounded  on  8  *  ]0,«t.  Next,  we  consider  w(x,t)  -  u(x,t)  -  u0ti  w  is  a  viscosity 


solution  of 

+  H(x,Dw)  +  u0  -  0  in  Ox  1 0  ,«•  [ ,  |~  -  0  on  30  «  JO,— I,  w|t.g  -  u°  . 

On  the  other  hand,  if  v  is  a  solution  of  (58),  v  *  C  are  respectively  viscosity  super 

and  subsolutions  of  this  problem  and  they  satisfy  for  large  C:  v  +  C  >  u°  >  v-C  in  8. 
Thus,  by  the  comparison  results,  we  deduce  that  w  8  W1'  (Q  x  ] 0,® [ ) .  in  particular 

r  u(x,t)  -  u.  -  r  w( x, t )  *0  as  t  ♦  •  in  c(S)  . 
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